The mesoscopic properties of a plasma in a cylindrical magnetic field are investigated from the view point of test-particle dynamics. When the system has enough time and spatial symmetries, a Hamiltonian of a test particle is completely integrable and can be reduced to a single degree of freedom Hamiltonian for each initial state. The reduced Hamiltonian sometimes has an unstable fixed point (saddle point) and a separatrix. Using a maximum entropy principle we compute dynamically compatible equilibrium states of the one particle density function of these systems and discuss how the unstable fixed points affect the density profile or a local pressure gradient, and are able to create a so called internal transport barrier.
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The mesoscopic properties of a plasma in a cylindrical magnetic field are investigated from the view point of test-particle dynamics. When the system has enough time and spatial symmetries, a Hamiltonian of a test particle is completely integrable and can be reduced to a single degree of freedom Hamiltonian for each initial state. The reduced Hamiltonian sometimes has an unstable fixed point (saddle point) and a separatrix. Using a maximum entropy principle we compute dynamically compatible equilibrium states of the one particle density function of these systems and discuss how the unstable fixed points affect the density profile or a local pressure gradient, and are able to create a so called internal transport barrier.
Introduction-Being able to sustain a steep density profile in hot magnetized plasma is one of the major key points to achieve magnetically confined fusion devices. These steep profiles are typically associated with the emergence in the plasma of so-called internal transport barriers (ITB) [1, 2] . Both the creation and study of these barriers have generated numerous investigations mostly numerical using either a fluid, or magnetic field or kinetic perspective or combining some of these. In this paper starting from the direct study of particle motion, we propose a simple mechanism to create such barriers which may not have been fully considered yet. Indeed, charged particle motion in a non-uniform magnetic field [3] [4] [5] [6] [7] [8] [9] is one of main classical issues of physics of plasmas in space or in fusion reactors. To tackle this problem the guiding center [7] and the gyrokinetic [8] theories are developed to trace the particle's slower motion by averaging the faster cyclotron motion. These reductions suppress computational cost and they are widely used to simulate the magnetically confined plasmas in fusion reactors [6] . These reduction theories assume existence of an invariant or an adiabatic invariant of motion associated with the magnetic moment µ 0 . Meanwhile, this assumption does not always hold true. Then, recently, studies on full particle orbits without any reductions are done to look into phenomena ignoring by these reductions and to interpolate the guiding center orbit. There exists a case that a guiding center trajectory and a full trajectory are completely different [10] . Further, it is found that the assumption of the invariant µ 0 breaks [11, 12] due to the chaotic motion of the test particles.
Let us quickly review the single particle motion and adiabatic chaos. We consider a model of charged particle moving in a non-uniform cylindrical magnetic field B (r ) = ∇ ∧ A 0 (r ). The vector potential A 0 (r ) is given by
where the cylinder is parametrized with the coordinate (r, θ, z), B 0 is strength of the magnetic field, z has 2πR perperiodicity, e θ and e z are basic units for each direction, and q(r ) is a winding number called a safety factor of magnetic field lines. The Hamiltonian of the particle H = v 2 /2, where v denotes particle's velocity, has three constants of motion, the energy, the angular momentum, and the momentum, associated with time, rotational, and translational symmetry of the system respectively, so that the Hamiltonian H on the six dimensional phase space is reduced into the single-degree-of-freedom Hamiltonian on the two dimensional phase space, (r, p r )-plane [11, 12] ,
where p i stands for the conjugate momentum for i = r , z, and θ respectively, and where v θ = rθ and v z =ż. The upper dot denotes d/d t . Invariants p z and p θ are fixed by an initial condition. Appropriately setting the safety factor q and choosing initial condition, we can find an unstable fixed point in (r, p r ) phase plane, which can induce the adiabatic chaos [13] [14] [15] [16] [17] when the weak magnetic perturbation or the curvature effect added to the flat torus (cylinder) exist [11, 12] .
This Letter aims to exhibit one possibility that the unstable fixed point inducing chaotic motion modifies mesoscopic properties of plasmas, a local density and a local pressure gradient which is believed to be associated with the internal transport barriers (ITBs) [1, 2] a feature that may be missed by gyrokinetics, or a pure magneto-hydrodynamic approach.
For this purpose, this Letter deals with the radial density function ρ(r ) derived from the maximal entropy principle, which is a steady state of a truncated Vlasov-Maxwell system with an ion moving in a static magnetic field and null electric field and without an effect of electrons, radiation from moving particles, and back reaction from fields. We qualitatively discuss which kind of vector potentials F (r ) or q-profiles are likely to bring about the unstable fixed point for the test particle motion. Then, we look into the effect of the unstable fixed point for the density profile and the local-pressure gradient. We shall end this Letter by remarking the relation between particle's ITBs and the magnetic ITBs [18, 19] .
Equilibrium radial density function-The VlasovMaxwell system consists of the collisionless Boltzmann equation describing a temporal evolution of single particle density functions of ions and electrons, coupled with the Maxwell equation determining a self-consistent electro-magnetic field [20, 21] . Before dealing with such a very complex system, it is worthwhile to consider the test particle motion in static nonuniform magnetic fields. We neglect electrons, inter-particle interactions, radiation from moving charged particles and back reaction from the electro-magnetic field. The Boltzmann's constant k B is set as unity. Let us consider a steady state associated with a density function f 0 on the phase space, which commutes with Hamiltonian (2) and maximizes the information entropy
subject to the normalization condition and energy, momentum, and angular momentum conservations, which are respectively
where the integral µ •d 3 pd 3 q means average over the six dimensional single particle phase space, called µ-space [22] . The solution to this variational problem is
where β, γ 1 , γ θ , and γ z are the Lagrangian multipliers, associated with energy conservation, normalization, momentum and angular momentum conditions respectively. The parameter β corresponds to the thermodynamical temperature as T
−1 th
≡ β = δS /δE , so that it must be positive. It should be noted that −γ θ and −γ z are proportional to the ensemble averages of v θ and v z respectively. When the ITB exists, it is believed that the plasmas rotation exists, so that the averages of v θ and v z are not 0 and so are γ θ and γ z , which are negative. The spatial density function n(q) is deduced from this result as
Thus, the density n(r )d 3 q is proportional to
and is independent of θ and z. We then obtain a radial density function ρ(r ) given by
as
It should be noted that the local pressure P (r ) is proportional to the radial density ρ(r ), because we assume the equation of state P (r ) = ρ(r )T th holds locally true.
Unstable fixed point of test-ion-particle-We now move on and consider how the existence of the unstable fixed points with relevant energy level affect to the obtained equilibrium density profile. For this purpose we have to discuss how the safety factor is chosen, in other words which function F in Eq. (1) leads to the emergence of "practical" unstable points in the effective potential V eff . Indeed, as a first point to pin out, if the amplitude of F is large, we can expect that the term v
2 /2 in the Hamiltonian (2) becomes also large, then the unstable points appear in the phase space at so high energy level that they become physically irrelevant. Then, the amplitude of F should be small.
Moreover if the variations of F (r ) are smooth and "gentle" with r , so does again (p z + F ) 2 /2 in V eff , then V eff has only one minimum point that is essentially governed by the term (p θ /r − B 0 r /2) 2 /2. Thus, the enough concavity of v 2 z /2 near but not at the minimum point of (p θ /r − B 0 r /2) 2 /2, r = 2p θ /B 0 is necessary for that V eff has unstable points. These considerations are illustrated in Fig. 1 . In the panel (d), we assume that there exists an r such that p z + F (r ) = 0. We stress out as well that if |p z | is sufficiently large, it is also possible to create an unstable point, but then again the energy level is so high that it is irrelevant for the mesoscopic profiles in plasmas.
It has been known for a while that the presence of chaos affects sometimes averages the density profile locally. For instance, the averaging effect in plasmas from the global chaos induced by the resonance overlapping [23] has been found and it modify the density profile [24] . Even though this in this letter we are directly tackling the passive particle motions of ions and thus a different type of localized chaos, similar things can be expected. In the present case the unstable fixed points are located around the place in which the steepness of density (9) and the local pressure gradient exist. Then, the staircase like density profile as illustrated in Fig. 2 may appear. Since the safety factor q(r ) can be directly associated with the function F (r ) at the origin of the unstable fixed points, and q(r ) is a crucial parameter for the operation of magnetized fusion machine, let us discuss more how the con- straints discussed previously translate on the q-profile. For instance let us consider a situation with a non-monotonous profile such that q(r ) has a minimum q 0 at r = α and the spatial scale is characterized with λ. Then locally q(r ) can be expressed as
Recalling Eq. (1), the function F is scaled as q stable fixed points with relevant energy level for the particle whose angular momentum p θ ∼ B 0 α 2 /2. As λ gets to be larger, the number of the particles with unstable fixed point increase, this is because, roughly speaking, the energy level of unstable points gets to be lower, and the oneparticle density (5) is proportional to e −βH eff .
As a consequence of these consideration we illustrate on Fig. 3 how to adjust a given q-profile to create unstable fixed point whose location is r ∼ α. This is similar to what is done in Ref. [19] , to create flat region of q-profile to create an ITB with a magnetic field line perspective.
Example-The previous discussions can be considered quite qualitative, in order to be more explicit we consider a specific example, for which we shall exhibit that the emergence of unstable fixed points induce the presence of a local ITB in their vicinity, i.e their radial positions are inducing the existence locally strong density gradients. For this purpose we simply consider the q-profile given by Eq. (10) with parameters q 0 = 0.12, λ = 55, and α = 0.18 ≃ 0.4243, in Figs. 4 and 5. The adiabatic chaos due to separatrix crossing in this magnetic field has been discussed in Ref. [11] . The results are displayed in Fig. 4 , where various density profiles (9) obtained for several parameters a and b are shown. We find the steep region which corresponds to the local steep density gradient and the ITBs appear around r = α on which q(r ) satisfies q ′ (r ) = 0. In Fig. 5 , we exhibit the locations of unstable fixed points and their energy levels. We can notice that the unstable fixed points appear in r ≃ α but not on exactly on r = α. Regarding the relation between the precise location of the fixed points and the barrier position and height a more precise systematic study will performed in future work for a longer paper.
Internal transport barrier-Before concluding this letter we would like to make some remarks on the observed ITBs. We would like to stress out the similarities and differences between our observations and and the magnetic ITBs discussed for instance in [19] . One of the main difference is that if the plateau of q(r ) appears as illustrated in Fig. 3 the transport barrier appears even if the value of q is far from rational number m/n with small integers m and n, meaning the existence of this barrier does not appear to be correlated to the existence of a resonant surface, on the other hand in the considered example, the location of the magnetic ITB coincides with the place on which the local density gradient exists.
Another study between the particle's motion and the existence of an ITB using a pure field line approach and the existence of a stable magnetic tori has been performed from the view point of the difference between the magnetic winding number q(r ) and the effective one q eff (r ) for the guiding venter orbit of the energetic particles [25] . In a recent study [26] , it is shown that the resonance shift due to the grad B drift and its disappearance due to the curvature drift effect can create an invariant tori in the particle dynamics while there are none for magnetic field lines, and this is confirmed both analytically and numerically with the full particle orbits around the resonance points. It should be remarked that the guiding center theory is useless to clarify it unlike Ref. [26] .
The above consideration suggests that the other possible difference between the magnetic and the particle's ITBs induced by the separatrices, this is because the two unstable fixed points appear around the magnetic ITB. When the parameter λ in Eq. (10) gets to be large, the steep region of ρ(r ) gets to be small and the influence of the separatrix grows because the gap of F (r ) between r < α and r > α becomes smaller (see Fig. 1 ), as a result we obtain a local steepness of the density and the local pressure gradient around the magnetic ITB. To conclude, we have shown in this letter that internal transport barrier can emerge due to the presence of a separatrix in the passive particle orbits, this phenomenon is not related to the existence of a local resonant surface. We also discussed how the q-profile can be tuned in order to generate such barriers. Finally we also would like to stress out that the emergence of a separatrix and associated transport barrier can as well occur in monotonous qprofile, the effect appeared as enhanced when the degeneracy allows two nearby unstable points to appear, a more detail study is left for a longer paper. In future work we will be considering as well the electrons distributions and using these to built self-consistent stationary solutions of the Vlasov equation, in this setting we shall be able to see if self-consistent q-profile giving rise to transport barrier can emerge as an equilibrium solution or belongs definitely to the out-of equilibrium realm.
